Abstract. Inspired by the Gan-Gross-Prasad conjecture and the descent problem for classical groups, in this paper we study the descents of unipotent cuspidal representations of orthogonal and symplectic groups over finite fields.
Introduction
In representation theory, a classical problem is to look for the spectral decomposition of a representation π of a group G restricted to a subgroup H. Namely, one asks for which representation σ of H has the property that Hom H (π, σ) = 0, and what the dimension of this Hom-space is. In general such a restriction problem is hard and may not have reasonable answers. However when G is a classical group defined over a local field and π belongs to a generic Vogan L-packet, the local Gan-Gross-Prasad conjecture [GP1, GP2, GGP1] provides explicit answers and is one of the most successful examples concerning with those general questions. To be a little more precise, the multiplicity one property holds for this situation, namely m(π, σ) := dim Hom H (π, σ) ≤ 1, and the invariants attached to π and σ that detect the multiplicity m(π, σ) is the local root number associated to their Langlands parameters. In the p-adic case, the local Gan-Gross-Prasad conjecture has been resolved by J.-L. Waldspurger and C. Moeglin and J.-L. Waldspurger [W1, W2, W3, MW] for orthogonal groups, by R. Beuzart-Plessis [BP1, BP2] and W. T. Gan and A. Ichino [GI] for unitary groups, and by H. Atobe [Ato] for symplectic-metaplectic groups. On the other hand, D. Jiang and L. Zhang [JZ1] study the local descents for p-adic orthogonal groups, whose results can be viewed as a refinement of the local Gan-Gross-Prasad conjecture, and the descent method has important applications towards the global problem (see [JZ2] ).
In a previous work [LW2] , we have studied the descents of unipotent representations of finite unitary groups, applying Reeder's branching formula [R] . The aim of this paper is to study the descent problem for unipotent cuspidal representations of finite symplectic groups and orthogonal groups, and our main tool is the theta correspondence over finite fields. In a recent paper [P2] , Pan determines the theta correspondence between finite symplectic and even orthogonal groups. A complete understanding of theta correspondence should extend our results to more general representations.
To begin with, we first set up some notations. Let F q be an algebraic closure of a finite field F q , which is of characteristic p > 2. Consider a connected reductive algebraic group G defined over F q , with Frobenius map F . Let Z be the center of G F . We will assume that q is large enough such that the main theorem in [S] holds, namely assume that
• T F /Z has at least two Weyl group orbits of regular characters, for every F -stable maximal torus T of G.
For an F -stable maximal torus T of G and a character θ of T F , let R G T,θ be the virtual character of G F defined by P. Deligne and G. Lusztig in [DL] . An irreducible representation π is called unipotent if there is an F -stable maximal torus T of G such that π appears in R G T,1 . For two representations π and π ′ of a finite group H, define π, π ′ H := dim Hom H (π, π ′ ).
In this paper, we focus on orthogonal and symplectic groups over finite fields. Let V be an F q -vector space endowed with a nondegenerate bilinear form (, ) with sign ǫ, i.e. (v, w) = ǫ(w, v) for any v, w ∈ V . Moreover, suppose that W ⊂ V is a non-degenerate subspace satisfying:
• ǫ · (−1) dimW ⊥ = −1, • W ⊥ is a split space.
Then we have dim W ⊥ = odd, if ǫ = 1, i.e. V is orthogonal; even, if ǫ = −1, i.e. V is symplectic.
Let G(V ) be the identity component of the automorphism group of V and G(W ) ⊂ G(V ) the subgroup which acts as identity on W ⊥ . Let π and π ′ be irreducible representations of G(V ) and G(W ) respectively. The Gan-Gross-Prasad conjecture is concerned with the multiplicity m(π, π ′ ) := π ⊗ν, π where X + X ∨ = V ⊥ n−2ℓ is a polarization. Let {e 1 , . . . , e ℓ } be a basis of X, {e ′ 1 , . . . , e ′ ℓ } be the dual basis of X ∨ , and let X i = Span Fq {e 1 , . . . , e i }, i = 1, . . . , ℓ. Let P be the parabolic subgroup of SO(V n ) stabilizing the flag X 1 ⊂ · · · ⊂ X ℓ , so that its Levi component is M ∼ = GL ℓ 1 × SO(V n−2ℓ ). Its unipotent radical can be written in the form
where the superscript * denotes the transpose inverse, and U GL ℓ is the subgroup of unipotent upper triangular matrices of GL ℓ . Fix a nontrivial additive character ψ of F q . Pick up an anisotropic vector v 0 ∈ V n−2ℓ and define a generic character ψ p ℓ ,v 0 of N p ℓ (F q ) by
where y ℓ is the last row of y. The identity component of the stabilizer of
Let π and π ′ be two irreducible representations of SO(V n ) and SO(W ) respectively. The uniqueness of Bessel models asserts that
This was proved over p-adic local fields in [AGRS] .
Note that m(π, π ′ ) depends on the choice of v 0 . Let Q be the quadratic form associated to (, ). Pick up two anisotropic
is the special orthogonal group of the orthogonal complement W ′ of v ′ 0 in V n−2ℓ , which will be identified with SO(W ′ ). If n − 2ℓ is even, then SO(W ) ∼ = SO(W ′ ), but the groups SO(W ), SO(W ′ ) are not conjugate in SO(V n−2ℓ ). If n − 2ℓ is odd, then there are two choices of anisotropic vectors v 0 , v ′ 0 ∈ V n−2ℓ such that W is split but W ′ not. Thus we get SO(W ) ≇ SO(W ′ ) in this case. In general, we have
where both sides are regarded as square classes in F × q /(F × q ) 2 . Let J ℓ,v 0 (π) be the twisted Jacquet module of π with respect to (N p ℓ (F q ), ψ p ℓ ,v 0 ). We simply define the notion of the ℓ-th Bessel quotient of π by
, viewed as a representation of SO(W ). Define the first occurrence index ℓ 0 := ℓ B 0 (π) of π in the Bessel case to be the largest nonnegative integer ℓ 0 < n/2 such that Q B ℓ 0 ,v 0 (π) = 0 for some anisotropic vector v 0 ∈ V n−2ℓ 0 . The ℓ 0 -th Bessel descent of π is called the first Bessel descent of π or simply the Bessel descent of π, denoted by
We next turn to the Fourier-Jacobi case. Let W 2n be a symplectic space of dimension 2n over F q , which gives the symplectic group Sp 2n (F q ). Consider pairs of symplectic spaces W 2n ⊃ W 2n−2ℓ and partitions
We use similar notations for various subspaces and subgroups as in the Bessel case. Note that if we let P ℓ be the parabolic subgroup of Sp 2n stabilizing X ℓ and let N ℓ be its unipotent radical, then
Fix a nontrivial additive character ψ of F q , and let ω ψ be the Weil representation (see [Ger] ) of Sp 2(n−ℓ) (F q ) ⋉ H 2n−2ℓ , where H 2n−2ℓ is the Heisenberg group of W 2n−2ℓ . Roughly speaking, there is a natural homomorphism N ℓ (F q ) → H 2n−2ℓ invariant under the conjugation action of U GL ℓ (F q ) on N ℓ (F q ), which enables us to view ω ψ as a representation of Sp 2(n−ℓ) (F q 
For the Fourier-Jacobi case, put
For irreducible representations π and π ′ of Sp 2n (F q ) and Sp 2(n−ℓ) (F q ) respectively, the uniqueness of Fourier-Jacobi models asserts that
This was proved over p-adic local fields in [Su] .
Note that m ψ (π, π ′ ) depends on ψ, and that
where J ′ ℓ (π ⊗ω ψ ) is the twisted Jacquet module of π ⊗ω ψ with respect to (N p ℓ (F q ), ψ ℓ ). Define the ℓ-th Fourier-Jacobi quotient of π to be
, viewed as a representation of Sp 2(n−ℓ) (F q ). Define the first occurrence index ℓ 0 := ℓ FJ 0 (π) of π in the Fourier-Jacobi case to be the largest nonnegative integer ℓ 0 ≤ n/2 such that Q FJ ℓ 0 ,ψ (π) = 0 for some ψ. The ℓ 0 -th Fourier-Jacobi descent of π is called the first Fourier-Jacobi descent of π or simply the Fourier-Jacobi descent of π, denoted by
According to Lusztig's results [L1] , let π Sp 2k(k+1) , π SO 2k(k+1)+1 and π SO ǫ 2k 2 be the unique unipotent cuspidal representations of the corresponding groups. In a previous work [LW1] , we introduced a notion of θ-representations (which are called quasi-unipotent representations in [P2] ) in order to study the theta correspondence between finite symplectic and odd orthogonal groups. Based on Lusztig's results, we showed that ([LW1, Theorem 3.12]) Sp 2n , n = k 2 are the only symplectic groups which possess cuspidal θ-representations, and each Sp 2k 2 has two cuspidal θ-representations π θ k,α and π θ k,β , which satisfy π θ k,i (−I) = (−1) k · id, i = α, β. Our main result is the following.
(iii) Let π Sp 2k(k+1) be the unique unipotent cuspidal representation of Sp 2k(k+1) . Then ℓ B 0 (π Sp 2k(k+1) ) = k and there exists ψ such that
, where ψ and ψ ′ are not conjugate by a square class. This paper is organized as follows. In Section 2, we recall the notion of Harish-Chandra series. In Section 3, we recall the theory of Weil representation, theta correspondence and see-saw dual pairs. In Section 4 we recall the theta correspondence and first occurrence index of unipotent cuspidal representations of finite orthogonal groups and symplectic groups. In Section 5 we prove the Bessel case of Theorem 1.1. In Section 6 we prove the Fourier-Jacobi case.
Harish-Chandra series
Let G be a reductive group defined over F q , F be the corresponding Frobenius endomorphism, and E(G) = Irr(G F ) be the set of irreducible representations of G F . A parabolic subgroup P of G is the normalizer in G of a parabolic subgroup P • of the connected component
of the group L F . We can lift δ to a character of P F by making it trivial on V F . We have the parabolic induction
It is well-known that the induction in stages holds (see e.g. [DM, Proposition 4.7] ), namely if Q ⊂ P are two parabolic subgroups of G and M ⊂ L are the corresponding Levi subgroups, then
Thus we get a partition of E(G) into series parametrized by G F -conjugacy classes of cuspidal pairs (L, δ). The Harish-Chandra series of (L, δ) is the set of irreducible representation of G F appearing in I G L (δ). We focus on classical groups, and let L be an F -stable standard Levi subgroup of
where ρ i and σ are cuspidal representations of GL n i (F q ) and G F m , respectively. By induction in stages, for any irreducible component π of
where σ runs over all irreducible cuspidal representations of G F m , m = 0, 1, · · · , n.
Theta correspondence and see-saw dual pairs
Let ω Sp 2N be the Weil representation or its character (cf. [Ger] ) of the finite symplectic group Sp 2N (F q ), which depends on the choice of a nontrivial additive character ψ of F q . Let (G, G ′ ) be a reductive dual pair in Sp 2N , and write ω G,G ′ for the restriction of ω Sp 2N 
where π and π ′ run over Irr(G F ) and Irr(G ′F ) respectively, and m π,π ′ are nonnegative integers. Rearrange this decomposition as
where
where the equality does not necessarily hold.
It is convenient to work with the families of dual pairs (G n , G ′ n ′ ) associated to Witt towers G n ∈ T and G ′ n ′ ∈ T ′ instead of a single dual pair. In this paper we only consider the following Witt towers.
• For symplectic groups there is only one Witt tower Sp = {Sp 2n } n≥0 .
• For even orthogonal groups there are two Witt towers
and
• For odd orthogonal groups there are two Witt towers as well
The convention is that O + 2n (resp. O − 2n ) denotes the isometry group of the split (resp. nonsplit) form in dimension 2n. For odd orthogonal groups, one has O
as abstract groups. However, they acts on two different quadratic spaces defined as follows. Let v ∈ V and v ′ ∈ V ′ be anisotropic vectors in two quadratic spaces such that
q . Then V and V ′ are two odd dimensional quadratic spaces in the Witt towers of v and v ′ , respectively.
For the dual pair (Sp 2n , O ǫ 2n ′ ) where ǫ = ±, we write ω ǫ n,n ′ instead of ω G,G ′ . Similar notation applies for (Sp 2n , O ǫ 2n ′ +1 ). When the context of dual pairs is clear, abbreviate by Θ n,n ′ (or Θ ǫ n,n ′ when we need to specify the sign ǫ) the theta lifting from G n to G ′ n ′ . For an irreducible representation π of G n , the smallest integer n ǫ (π) such that π occurs in ω ǫ n,n ǫ (π) is called the first occurrence index of π in the Witt tower {G ′ n }. By [MVW, Chap.3, lemme IV.2] , there exists n ′ such that
The next result shows that theta lifting and parabolic induction are compatible.
Proposition 3.1. Let G n and G n+ℓ be two classical groups in the same Witt tower, ℓ ≥ 0. Let τ be an irreducible cuspidal representation of GL ℓ (F q ), π be an irreducible representation of G n (F q ), and
Proof. We will only prove the proposition for (
The proof for other cases is similar and will be left to the reader.
Here J standards for the Jacquet functor, which is adjoint to the induction functor I. We have the following decomposition (cf. [MVW, Chap. 3, IV th.5 
By our assumption, one has
Recall the general formalism of see-saw dual pairs. Let (G, G ′ ) and (H, H ′ ) be two reductive dual pairs in a symplectic group Sp(W ) such that H ⊂ G and
and the associated see-saw identity
where π H and π G ′ are representations of H and G ′ respectively.
Fix an embedding ι : SO
The extension of ι to be an embeddingι :
is not unique. In this paper, for fixed ι we always take the extensionι such that the sign representation of O ǫ n (F q ) restricts to the sign representation of O ǫ ′ n−1 (F q ). First consider the case that
In this case, the embedding from H to G is not unique. In fact, there exist two non-equivalent embeddings form SO 2n−1 (F q ) to SO ǫ 2n (F q ) obtained as follows. Let V be the quadratic space on which SO
(v ′ ) acts on two quadratic subspaces of V which are not isometric.
Thus we have two different see-saw diagrams by choosing different ǫ ′ below:
where ǫ ′ and ǫ ′′ are related by ǫ = −ǫ ′ · ǫ ′′ .
Similarly, consider the case that
For fixed ǫ, we have two different see-saw diagrams by choosing different ǫ ′ below:
where ǫ ′ and ǫ ′′ are related by ǫ = ǫ ′ · ǫ ′′ .
First occurrence index for symplectic and orthogonal groups
The aim of this section is to prove following result:
To prove this lemma, we need to determine the first occurrence indices of cuspidal representations. We begin with reviewing Lusztig's results [L1] on the unipotent cuspidal representations of finite classical groups. 
only groups in their respective Lie families which possess a unipotent cuspidal representation.
In each case, the specified group G has a unique unipotent cuspidal representation.
be the unipotent cuspidal representation of the corresponding groups, and denote these representations simply by π k when no confusion arises. As in [AM, (5. 1)] and [LW1] , for the unique unipotent cuspidal representation π of SO ǫ m , one has (4.1) Ind
where π + and π − are irreducible unipotent cuspidal representations of O ǫ m satisfying π + ∼ = π − ⊗sgn. Moreover in the case that m is odd, it is required that π η (−I) = η · id. Here and below we use the superscript η to avoid confusion with the sign ǫ distinguishing O + from O − . Denote by π
The set E(G) of irreducible characters of G F can be partitioned by geometric conjugacy classes (see e.g. [L2] )
where s = s G * runs over the semisimple conjugacy classes of the dual group G * . By [L3] there is a bijection (1)).
Moreover if the identity components of the centers of G and C G * (s) have the same F q -rank, then π ∈ E(G, (s)) is cuspidal if and only if L(π) ∈ E(C G * (s), (1)) is cuspidal (see e.g. [L1, Chap. 9] . The θ-representations of G F introduced in [LW1] appear in E(G, (−I)). Based on Lusztig's results, we obtained in loc. cit. the following classification of cuspidal θ-representations. 
for some η ∈ {+, −}. In this section we study the branching of unipotent cuspidal representations of finite orthogonal groups. We will prove the following result, which is the Bessel case of Theorem 1.1
Then the theta liftings are given by
be the unique unipotent cuspidal representation of SO
5.1. Reduction to the basic case. We first show that parabolic induction preserves multiplicities, and thereby make a reduction to the basic case. From [LW1, Proposition 5.2], we know that parabolic induction preserves multiplicities between unipotent representations of unitary groups. Namely,
for irreducible unipotent representations π and π ′ of U n (F q ) and U m (F q ) respectively, where P is an F -stable parabolic subgroup of U n+1 with Levi factor
, and τ is an irreducible cuspidal representation of GL ℓ (F q 2 ). In the same manner, we have the following analog for orthogonal groups with π unipotent, which reduces the calculation to the basic case. Fq) ) , π SO ǫ n (Fq) = 0. Since in our case π is unipotent, this multiplicity is nonzero only if τ and π ′ | SO ǫ m−1 (Fq) are both unipotent. It is well-known that GL ℓ (F q ) has no unipotent cuspidal representations if ℓ > 1. By the assumption on τ , it is not unipotent. Therefore the above multiplicity is zero. The rest of the proof is the same as that of [GGP1, Theorem 15 .1].
For later use, we generalize Proposition 5.2 as follows. m , ℓ = (n+1−m)/2. Let τ 1 (resp. τ 2 ) be an irreducible cuspidal representations of GL ℓ ′ (F q ) (resp. GL ℓ−ℓ ′ (F q )), ℓ ′ ≤ ℓ, which is nontrivial if ℓ ′ = 1 (resp. ℓ − ℓ ′ = 1), and
Then we have
where the data (H, ν) is given by (1.2).
Proof. It can be proved in the same way as [GGP1, Theorem 15 .1], where it was established for non-archimedean local fields, and the proof works for finite fields as well. We follow the notations in [GGP1] . Let V be an n-dimensional space over F q with a nonde-generate symmetric bilinear form (, ), which defines the special orthogonal group SO(V ) = SO ǫ n (F q ) and W ⊂ V be an m-dimensional non-degenerate orthogonal subspace, so that
where E = F q · e is an anisotropic line and
is an isotropic subspace with dim X = ℓ − 1 and X ∨ is the dual of X. Let
denote the rank 1 space equipped with a form which is the negative of that on E, so that E + E − is a split rank 2 space. The two isotropic lines in E + E − are spanned by v = e + f and v ′ = 1 2(e, e) (e − f ).
Now consider the space
which contains V with codimension 1 and isotropic subspaces
Hence we have 
. Let P V (X) be the parabolic subgroup of SO(V ) stabilizing X, so that
where N V (X) is the unipotent radical of P V (X). Let Q be a subgroup of P V (X) given by
As in the proof [GGP1, Theorem 15.1], one has the following commutative diagram with exact rows
where R ⊂ GL(Y ) is the mirabolic subgroup which stabilizes the subspace X ⊂ Y and fixes v modulo X. Note also that N (Y ) ∩ Q ⊂ N V (X) and
As a consequence, one has
By the proof of [GGP1, Theorem 15 .1], it suffices to show that π, Ind
where U is the unipotent radical of the Borel subgroup of GL(Y ) stabilizing the flag
and χ is any generic character of U .
Let N n be the group of upper triangular unipotent matrices in GL n (F q ). We fix a nontrivial character ψ 0 of F q and let ψ n be the character of N n , given by ψ n (u) = ψ 0 (u 1,2 + u 2,3 + . . . + u n−1,n ).
By the theory of Bernstein-Zelevinsky derivatives (c.f. [GGP2, Corollary 4.3]),
Let Q ′ be the subgroup of Q given by
By our assumption, π is unipotent and τ 1 is not, hence
In the same manner, one has π, Ind
It follows that π, Ind
which completes the proof.
Corollary 5.4. Keep the assumptions in Proposition 5.3. Then
Proof. By Proposition 5.2 and Proposition 5.3, we have
As mentioned in the Introduction, our formulation of multiplicities differs from that in the Gan-Gross-Prasad conjecture by taking the contragradient, but we may take the advantage that unipotent cuspidal representations are self-dual. Proof. We will only prove the assertion for unipotent cuspidal representations of even orthogonal groups O ǫ 2k 2 and symplectic groups. The proof for odd orthogonal groups is similar and will be left to the reader.
It is well-known that the Weil representation ω is self-dual, e.g. by [Ger, Proposition 1.4 ] its character takes positive values. It follows that Θ ǫ (π ∨ ) ∼ = Θ ǫ (π) ∨ . We shall prove the proposition by induction on k, which is clear if k = 1. Assume that k > 1 and π k is the unipotent cuspidal representation of Sp 2k(k−1) (F q ). By [AM, Theorem 5 
It follows that
In the same manner, one can show that 
Finally it is clear that
The rest of this section is devoted to the proof of Theorem 5.6, which will be divided into two parts.
5.3. Vanishing result. As a first step towards the proof, we establish the cases where the multiplicity in Theorem 5.6 vanishes.
Proposition 5.7. (i) Let π and π ′ be irreducible representations of
, if one of following holds:
We will prove the above proposition by the standard arguments of theta correspondence and see-saw dual pairs. To this end we first need to know the theta correspondence of representations in the Harish-Chandra series E(G, σ) for a cuspidal representation σ.
The proof for symplectic and even orthogonal dual pairs is similar and will be left to the reader.
We first prove (i) by induction on m.
• Suppose that m = n, i.e. π = σ is cuspidal. Since Θ ǫ n,m ′ (π) = 0 if m ′ < n ′ and Θ ǫ n,n ′ (σ) = σ ′ , we may assume that m ′ > n ′ . It is known that (cf. [MVW, Chap. 3 
Here J standards for the Jacquet functor, which is adjoint to the induction functor I. We have the following decomposition (cf. [MVW, Chap. 3, IV th.5])
where R GL i is the regular representation of GL i (F q ). Hence ω ǫ n,m ′ , π ⊗ π ′ is bounded by
where the scalar product in the ith summand is taken over the group
Since π = σ is cuspidal, the only nonzero term corresponds to i = 0, which implies that
We have the decomposition
By induction hypothesis and our result for m = n, if π ′ / ∈ E(G ′ m ′ , σ ′ ), then the above summation is zero, which yields a contradiction.
To prove (ii), note that in this case m ′ − m + n ≥ n ′ and Θ ǫ n,m ′ −m+n (σ) = 0. It follows that there exists τ ∈ E(GL m ′ −m+n−n ′ ) such that
Then the required assertion follows from
Proof. (of Proposition 5.7) We only prove (i). The proof of (ii) is similar and will be left to the reader. To ease notations we suppress various Levi subgroups from the parabolic induction in the sequel, which should be clear from the context.
Note that if n ǫ (σ) > n * and n ǫ (σ) − n * − 1 > n ǫ ′ (σ ′ ) − m * , then by the conservation relation for cuspidal representations given in [P1, Theorem 12.3] , one has
On the other hand it is clear that Fq) . Hence it suffices to prove Case (A).
By our assumption, n − < n + 1. Consider the see-saw diagram
By Proposition 5.8 (ii) and Proposition 3.1, for any irreducible
= 0. In particular, if π = σ, then by our assumption,
It follows that Θ ǫ n,n + (σ) = 0 and the multiplicity is 0. If Θ ǫ n,n + (π) = 0, then, by our assumption and Proposition 5.8 (i), for any irreducible π Sp ⊂ Θ ǫ n,n + (π), we have π Sp ∈ E(Sp 2n + , Θ ǫ m,n ǫ (σ) (σ)). Applying Proposition 5.8 and Proposition 3.1 again, for any such π Sp , there exists
For any irreducible ρ 2 ⊂ I Sp 2n + (τ ⊗ π 1 ),
Note that by Proposition 5.8 and Proposition 3.1 again, for any irreducible
and n − < n + 1. By (5.3), (5.4) and induction on n, one has
which proves Case (A).
As an immediate consequence of Proposition 5.2, Proposition 5.7, Lemma 4.1 and first occurrence index of unipotent cuspidal representations, we see that if π ′ is not the unique unipotent cuspidal representation specified in Theorem 5.6, then m(π, π ′ ) = 0. 
(ii) Let π be a unipotent cuspidal representation of O ǫ 2k 2 (F q ), ǫ = sgn(−1) k , and τ 2 be an irre-
Proof. We will only prove (i), by induction on k. The proof of (ii) is similar and will be left to the reader.
By Theorem 4.5, one has n ǫ (π) = (k + 1) 2 or k 2 . Note that if n ǫ (π) = (k + 1) 2 , then by the conservation relation for cuspidal representations given in [P1, Theorem 12.3] , one has
On the other hand the conservation relation implies that
.
Hence it suffices to prove the case that n ǫ (π) = k 2 . Note that in this case
Consider the see-saw diagram
By Mackey formula (c.f. [C, Proposition 9.2 .4]),
are irreducible, where π Sp 2k(k−1) is the unique unipotent cuspidal representation of Sp 2k(k−1) (F q ). By Proposition 3.1, one has
where ǫ ′ = −ǫ · ǫ ′′ . Recall that the Weil representation is self-dual. Then one has
By Mackey formula and Proposition 3.1 again, the above multiplicity is equal to
where π
the proof is done by applying the induction hypothesis.
6. Fourier-Jacobi case of theorem 1.1
We have established the Bessel descents of unipotent cuspidal representations of finite orthogonal groups. In this section we deduce the Fourier-Jacobi case from the Bessel case by the standard arguments of theta correspondence and see-saw dual pairs, which are used in the proof of local Gan-Gross-Prasad conjecture (see [GI, Ato] ). We again make a first reduction to the basic case.
Proposition 6.1. Let π be an irreducible unipotent representation of Sp 2n (F q ), and π ′ be an irreducible representation of Sp 2m with n > m. Let P be an F -stable maximal parabolic subgroup of Sp 2n with Levi factor GL n−m × Sp 2m , and let τ be an irreducible cuspidal representation of GL n−m (F q ) which is nontrivial if n − m = 1. Then we have
where the data (H, ν) is given by (1.6).
Similar to Proposition 5.2, the proof of Proposition 6.1 is an adaptation of that of [GGP1, Theorem 16 .1]. Finally we prove the following Fourier-Jacobi case of Theorem 1.1. Proof. Let ω Sp 2N ,ψ and ω Sp 2N ,ψ ′ be the Weil representations of the finite symplectic group Sp 2N (F q ) corresponding to ψ and ψ ′ respectively. Note that restricted to the dual pairs Sp 2n (F q )×O ǫ 2n ′ +1 (F q ) with N = n(2n ′ + 1), one has where ǫ = sgn(−1) k , and ǫ ′ = ǫ · ǫ ′′ . As before, we suppress various Levi subgroups from the parabolic induction.
• First suppose that m < k 2 .
By Proposition 6.1, one has
where π η k is a unipotent cuspidal representation of O ǫ 2k 2 (F q ). For an irreducible ρ ′ ⊂ I Sp 2k(k+1) (τ ⊗ π ′ ) Sp 2k(k+1) (Fq) , one has Fq) . By Proposition 3.1, for any irreducible ρ ⊂ Θ ǫ ′ k(k+1),k 2 (ρ ′ ), one has
It follows from Theorem 5.6 (ii) that m ψ (π, π ′ ) = 0. In the same manner, m ψ ′ (π, π ′ ) = 0 as well.
• Next suppose that m = k 2 . In the above we have shown that
By Theorem 5.6 and Theorem 4.5, the first term is nonzero if and only if π ′ = π θ k,i for the unique i ∈ {α, β} such that n ǫ ′ (π θ k,i ) = k(k − 1). Without loss of generality, assume that i = α. We need to show that m ψ (π, π θ k,α ) = 0. We have
Since τ is non-selfdual, I Sp 2k(k+1) (τ ⊗ π θ k,α ) is irreducible by Mackey formula. By Proposition 3.1, one has Θ
Then m ψ (π, π θ k,α ) = 0 and it follows that
We turn to m ψ ′ (π, π ′ ). By (6.1), one has
